THE MORSE-BOTT INEQUALITIES VIA DYNAMICAL SYSTEMS 
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Abstract. Let / : M — > K be a Morse-Bott function on a compact smooth finite 
dimensional manifold M. The polynomial Morse inequalities and an explicit per- 
turbation of / defined using Morse functions fj on the critical submanifolds Cj of 
/ show immediately that MB t (j) = P t (M) + (1 + t)R(t), where MB t (f) is the 
Morse-Bott polynomial of / and Pt(M) is the Poincare polynomial of M. We prove 
that R(t) is a polynomial with nonnegative integer coefficients by showing that the 
number of gradient flow lines of the perturbation of / between two critical points 
p,q € Cj of relative index one coincides with the number of gradient flow lines 
between p and q of the Morse function fj. This leads to a relationship between 
the kernels of the Morse-Smale-Witten boundary operators associated to the Morse 
functions fj and the perturbation of /. This method works when M and all the 
critical submanifolds are oriented or when Z2 coefficients arc used. 



1. Introduction 

Let h : M — > K. be a Morse function on a compact smooth manifold of dimension 
m. The Morse inequalities say that 

Vn ~ fn-1 + • • • + (-1)>0 > K - 6 n _! + • • • + (-l) n &0 

for all n — 0, . . . , m (with > an equality when n = m), where V\. is the number of 
critical points of h of index k and is the k th Betti number of M for all k. These 
inequalities follow from the fact that the Morse function h determines a CW-complex 
X whose cellular homology is isomorphic to the singular homology of M (the fc-cells 
of X are in bijective correspondence with the critical points of index k). 

In |14D.4[ [Ti] Witten introduced the idea that the Morse inequalities can be studied 
by deforming the de Rham differential on differential forms by the differential of 
the Morse function. This led him to consider a chain complex whose chains are 
generated by the critical points of the Morse function and whose differential is defined 
by counting the gradient flow lines between critical points of relative index one (the 
so-called Morse-Smale-Witten chain complex). See also [99,9J. The homology of this 
complex is called the "Morse homology" , and the Morse Homology Theorem asserts 
that the Morse homology is isomorphic to the singular homology (see [HUE] an d 
|ldD-3j [T5]). For an excellent exposition of Witten's ideas see |1 HHl|, [TTj . 
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On one hand Bismut, and on the other hand, Helffer and Sjostrand have given 
rigorous mathematical derivations of Witten's analytical ideas [HE], IB] [TUnH fTU]. In 
this way, they proved the Morse inequalities and the Morse-Bott inequalities, which 
relate the Betti numbers of M and the Betti numbers of the critical submanifolds of 
a Morse-Bott function on M, without using the Morse Homology Theorem. 

In this paper, we present a proof of the Morse-Bott inequalities using ideas from 
dynamical systems. The proof uses the Morse inequalities, the Morse Homology The- 
orem, and an explicit perturbation technique that produces a Morse-Smale function 
h arbitrarily close to a given Morse-Bott function / [Mill] [2012] • Roughly, the per- 
turbation h of / is constructed as follows. We first fix a Riemannian metric on M and 
apply the Kupka-Smale Theorem to choose Morse-Smale functions fj on the critical 
submanifolds Cj for j = 1, . . . , I. Next, we extend the Morse-Smale functions fj to 
tubular neighborhoods Tj of the critical submanifolds, and we define 



where pj is a bump function on Tj and e > 0. We then apply a well-known folk 
theorem (whose proof can be found in Section 2.12 of [H1TUT]) which says that we can 
perturb the Riemannian metric on M outside of the union of the tubular neighbor- 
hoods Tj for j — 1, . . . , I so that h satisfies the Morse-Smale transversality condition 
with respect to the perturbed metric. 

Once we know that h and fj for j = 1, . . . , I satisfy the Morse-Smale transversality 
condition, we can compare the Morse- Smale-Witten chain complex of h to the Morse- 
Smale- Witten chain complexes of fj for j = This allows us to show that 
the coefficients of the polynomial R(t) in Theorem [H] are nonnegative. The proof 
works when the manifold M and all the critical submanifolds are oriented or when 
Z 2 coefficients are used. 

] cite. BotNonTdf] ] cite.BotLec^HS ] cite. BanMor^HE ] cite. JiaMor lSTTJH 



In this section we briefly recall the construction of the Morse- Smale-Witten chain 
complex and the Morse Homology Theorem. For more details see [3B|I5]. 

Let Cr(f) = {p G M\ df p = 0} denote the set of critical points of a smooth function 
/ : M — > R on a smooth m-dimensional manifold M. A critical point p e Cr(f) is 
said to be nondegenerate if and only if the Hessian H p (f) is nondegenerate. The 
index A p of a nondegenerate critical point p is the dimension of the subspace of T P M 
where H p (f) is negative definite. If all the critical points of / are non-degenerate, 
then / is called a Morse function. 

If / : M — > K is a Morse function on a finite dimensional compact smooth Riemann- 
ian manifold (M,g), then the stable manifold W s (p) and the unstable manifold 




2. The Morse-Smale- Witten chain complex 
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W u (p) of a critical point p G Cr(f) are denned to be 

W s (p) = {x e M\ lim ip t (x) = p} 
W u (p) = {x e M\ lim ip t (x) = p} 

where tp t is the 1-parameter group of diffeomorphisms generated by minus the gradient 
vector field, i.e. —V/. The index of p coincides with the dimension of W u (p). The 
Stable/Unstable Manifold Theorem for a Morse Function says that the tangent space 
at p splits as 

T p M = T^M © T^M 

def 

where the Hessian is positive definite on T£M = T p W s {p) and negative definite on 

def 

T^M = T p W u (p). Moreover, the stable and unstable manifolds of p are surjective 
images of smooth embeddings 

E s : T p s M -> W s (p) C M 

E u : T^M -> W u (p) C M. 

Hence, W s (p) is a smoothly embedded open disk of dimension m — X p , and W u (p) is 
a smoothly embedded open disk of dimension X p . 

If the stable and unstable manifolds of a Morse function / : M — > R all intersect 
transversally, then the function / is called Morse-Smale. Note that for a given Morse 
function / : M — *■ R one can choose a Riemannian metric on M so that / is Morse- 
Smale with respect to the chosen metric (see Theorem 2.20 of [Mill])- Moreover, if / 
is Morse-Smale then W(q,p) = W u (q) D W s (p) is an embedded submanifold of M of 
dimension X q — X p , and when X q = X p + 1 one can use Palis' A-Lemma to prove that 
the number of gradient flow lines from q to p is finite. 

If we assume that M is oriented and we choose an orientation for each of the 
unstable manifolds of /, then there is an induced orientation on the stable manifolds. 
Thus, we can define an integer n(q,p) associated to any two critical points p and q 
of relative index one by counting the number of gradient flow lines from q to p with 
signs determined by the orientations. If M is not orientable, then we can still define 
n(q,p) G Z2 by counting the number of gradient flow lines from q to p mod 2. 

The Morse-Smale- Witten chain complex is defined to be the chain complex 
(C*(f), d*) where C fc (/) is the free abelian group generated by the critical points q 
of index k (tensored with Z 2 when n(q,p) is defined as an element of Z 2 ) and the 
boundary operator : C fc (/) — > Ck-i(f) is given by 

peCr h -i(f) 

Theorem 1 (Morse Homology Theorem). The pair (C*(/),9*) is a chain complex. 
If M is orientable and the boundary operator is defined with n(q,p) G Z, then the 
homology of (C*(/),c?*) is isomorphic to the singular homology H*(M;Z). If the 
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boundary operator is defined with n(q,p) G Z 2; then the homology of (C*(/), d*) is 
isomorphic to the singular homology H*(M\ Z 2 ). 

Note that the Morse Homology Theorem implies that the homology of (C*(/), 9*) is 
independent of the Morse-Smale function / : M — > R, the Riemannian metric, and 
the orientations. 

3. The Morse Inequalities 

Let M be a compact smooth manifold of dimension m. When M is orientable we 
define the k th Betti number of M, denoted to be the rank of the k th homology 
group Hk(M;Z) modulo its torsion subgroup. When M is not orientable we define 
fefc = dim Hk(M; Z 2 ). Let / : M — > M be a Morse function on M, and let Vk be the 
number of critical points of / of index k for all k — 0, . . . , m. As a consequence of 
the Morse Homology Theorem we have 

Vk > h 

for all k — 0, ... ,m since Vk = rank Ck(f) and Hk(M; Z) (or Hk(M; Z 2 )) is a quotient 
of Ck(f)- These inequalities are known as the weak Morse inequalities. 

Definition 2. The Poincare polynomial of M is defined to be 

m 

P t (M) = Y,ht\ 
and the Morse polynomial of f is defined to be 

m 

M t (f) = J2 Uktk - 

The Morse inequalities stated in the introduction are known as the strong Morse 
inequalities. The strong Morse inequalities are equivalent to the following polyno- 
mial Morse inequalities. (For a proof see Lemma 3.43 of [33,3J.) It is this version 
of the Morse inequalities that we generalize to Morse-Bott functions. 

Theorem 3 (Polynomial Morse Inequalities). For any Morse function f : M — > K 
on a smooth manifold M we have 

M t (f) = P t (M) + (l + t)R(t) 

where R(t) is a polynomial with non-negative integer coefficients. That is, R(t) = 
Y^k=o r ^ k w here rk G Z satisfies > for all k — 0, . . . , m — 1. 

Although Theorem [3] and its proof are standard facts, we give here a detailed proof 
using the Morse- Smale-Witten chain complex because this proof gives an explicit 
formula = Uk+i — Zk+i for the coefficients of the polynomial R(t) which we will use 
in the proof of Theorem [HI 
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Proof of Theorem [3j Let / : M — > K be a Morse function on a finite dimensional 
compact smooth manifold M, and choose a Riemannian metric on M for which / is 
a Morse-Smale function. Let C k (f) denote the k th chain group in the Morse- Smale- 
Witten chain complex of / (with coefficients in either Z or Z 2 ), and let dk '■ C k (f) — > 
Ck-i(f) denote the k th Morse-Smale- Witten boundary operator. The rank of C k (f) is 
equal to the number v k of critical points of / of index k, and by the Morse Homology 
Theorem (Theorem [TJ the rank of Hk(C*(f),d*) is equal to b k , the k th Betti number 
of M for all k = 0, . . . , m. 

Let z k = rank ker d k for all k = 0, . . . , m. The exact sequence 

implies that v k — z k + rank im d k for all k — 0, . . . , m, and 

-> im <9 fc+ i -> ker <9 fc -> H k (C m (f),d m ) -> 
implies that b k = z k — rank im <9fc +1 for all /c = 0, . . . , m. Hence, 

m m 

M t (f)-P t (M) = J2u k t k -J2ht k 

k=0 k=0 
m m 

= ^^(-Zfc + rank im d k )t k — '^^(z k — rank im d k+ \)t k 

k=0 k=0 
m 

= ^^(rank im <9fc + rank im d k+ i)t k 

k=0 
m 

= /Xvk - Zk + v k+ i - z k+1 )t k 

k=0 

m m—1 

= ^{.Vk- z k )t k + ^(v k+1 - z k+1 )t k 

k=0 k=0 
m m 

= t ^(^ - z k )t k ~ x + ^(^fc - Zk)^ 1 (since u = z ) 
k=i fe=i 

m 
k=l 

Therefore, M t (f) = P t (M) + (l+t)R(t) where R(t) = EJpWi - z k+ i)t k . Note 
that Vk+i — z k+i > for all k = 0, . . . , m — 1 because z k+ i is the rank of a subgroup 
of C k+1 (f) and u k+1 = rank C k+1 {f). 

□ 
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4. The Morse-Bott Inequalities 

Let / : M — > R be a smooth function whose critical set Cr(f) contains a subman- 
ifold C of positive dimension. Pick a Riemannian metric on M and use it to split 

T*M\c as 

T*M\c = T*C © v+C 

where T*C is the tangent space of C and v*C is the normal bundle of C. Let p £ C, 
V £ T p C, W £ T p M, and let # p (/) be the Hessian of / at p. We have 

H p (f)(V t W) = V p -(W-f) = 

since V p £ T p C and any extension of W to a vector field satisfies df(W)\c = 0. 
Therefore, the Hessian H p (f) induces a symmetric bilinear form Ht'(f) on f p C. 

Definition 4. ^4 smooth function f : M — > R on a smooth manifold M is called a 
Morse-Bott function if and only if the set of critical points Cr(/) zs a disjoint 
union of connected submanifolds and for each connected submanifold C C Cr(/) t/ie 
bilinear form Ht'(f) is non- degenerate for all p £ C. 

Often one says that the Hessian of a Morse-Bott function / is non-degenerate in the 
direction normal to the critical submanifolds. 

For a proof of the following lemma see Section 3.5 of [MIEj or [3SII4"]. 

Lemma 5 (Morse-Bott Lemma). Let f : M — > R be a Morse-Bott function and 
C C Cr(/) a connected component. For any p £ C i/iere a /oca/ c/iart o/M around 
p and a local splitting vJJ = v~C © u£C, identifying a point x £ M in its domain to 
(u, v, w) where u £ C , v £ u~C, w £ v£C, such that within this chart f assumes the 
form 

f(x) = f(u, v, w) = /(C) - M 2 + |^| 2 . 

Definition 6. Let f : M — > R be a Morse-Bott function on a finite dimensional 
smooth manifold M , and let C be a critical submanifold of f . For any p £ C let 
X p denote the index of H p (f). This integer is the dimension of v~C and is locally 
constant by the preceding lemma. If C is connected, then X p is constant throughout 
C and we call X p = Ac the Morse-Bott index of the connected critical submanifold 
C. 

Let / : M — > R be a Morse-Bott function on a finite dimensional compact smooth 
manifold, and assume that 

i 

Gr(/) = ]JC7 iJ 

3=1 

where Ci, . . . , C\ are disjoint connected critical submanifolds. 
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Definition 7. The Morse-Bott polynomial of f is defined to be 

i 

MB t if) = Y,Pt{C 3 )t X > 

3=1 

where Xj is the Morse-Bott index of the critical submanifold Cj and Pt(Cj) is the 
Poincare polynomial of Cj . 

Note: Clearly MB t (f) reduces to M t (f) when / is a Morse function. Also, if M or 
any of the critical submanifolds are not orientable, then Z 2 coefficients are used to 
compute all the Betti numbers. 

The following result is due to Bott. In fact, Bott proved a more general version 
of this result (without the assumption that the critical submanifolds are orientable) 
using homology with local coefficients in an orientation bundle [JFJ17] [HE], IB]. 

Theorem 8 (Morse-Bott Inequalities). Let f : M — > R be a Morse-Bott function 
on a finite dimensional oriented compact smooth manifold, and assume that all the 
critical submanifolds of f are orientable. Then there exists a polynomial R(t) with 
non-negative integer coefficients such that 

MB t (f) = P t (M) + (l + t)R(t). 

If either M or some of the critical submanifolds are not orientable, then this equation 
holds when Z 2 coefficients are used to define the Betti numbers. 

5. A PERTURBATION TECHNIQUE AND THE PROOF OF THE MAIN THEOREM 

To prove Theorem [HJ we will use the following perturbation technique based on 
the Morse-Bott Lemma, and a folk theorem proved in [H][T]. This construction 
produces an explicit Morse-Smale function h : M — > M arbitrarily close to a given 
Morse-Bott function / : M — * R such that h = f outside of a neighborhood of the 
critical set Cr(/). 

Let Tj be a small tubular neighborhood around each connected component Cj C 
Cr(/) for all j = 1, . . . , I with local coordinates (u, v, w) consistent with those from 
the Morse-Bott Lemma (Lemma [5]). By "small" we mean that each Tj is contained 
in the union of the domains of the charts from the Morse-Bott Lemma, for i ^ j we 
have Ti n Tj = and / decreases by at least three times max{var(/, j = 1, . . . , 1} 
along any gradient flow line from Tj to Tj where vax(f,Tj) = sup{/(x)| x G Tj} — 
inf{/(x)| x G Tj}, and if /(Cj) + f[Cj), then 



var(/, T^ + var(/, Tj) < - 



f(Q) - f{C 3 



Pick a Riemannian metric on M such that the charts from the Morse-Bott Lemma 
are isometries with respect to the standard Euclidean metric on R m , and then pick 
positive Morse functions fj : C 3 ; — > R that are Morse-Smale with respect to the 



8 



AUGUSTIN BANYAGA AND DAVID E. HURTUBISE 



restriction of the Riemannian metric to Cj for all j = The Morse-Smale 

functions fj : Cj — > R exist by the Kupka-Smale Theorem (see for instance Theorem 
6.6. of 0HEI). 

For every j = 1, . . . , I extend fj to a function on Tj by making fj constant in the 
direction normal to Cj, i.e. fj is constant in the v and w coordinates coming from the 
Morse-Bott Lemma. Let Tj C Tj be a smaller tubular neighborhood of Cj with the 
same coordinates as Tj, and let pj be a smooth nonincreasing bump function which is 
constant in the u coordinates, equal to 1 on Tj, and equal to outside of Tj. Choose 
e > small enough so that 

sup e\\V P jfj\\ < inf ||V/|| 

for all j = 1, . . .1, and define 

h = f + £ \JlP3fdJ ■ 

The function h : M — > R is a Morse function close to /, and the critical points of 
h are exactly the critical points of the fj for j = 1, . . . , I. Moreover, if p e Cj is 
a critical point of fj : Cj — > R of index then p is a critical point of /i of index 
A} = Aj + Aj. 

We now apply a well-known folk theorem (whose proof can be found in Section 2.12 
of pDUd]) which says that we can perturb the Riemannian metric on M outside of the 
union of the tubular neighborhoods Tj for j = 1, ... ,1 so that h satisfies the Morse- 
Smale transversality condition with respect to the perturbed metric. In summary, we 
have achieved the following conditions. 

(1) The gradient V/ = Vh outside of the union of the tubular neighborhoods 
Tj for j = 1, . . . , I. Moreover, the tubular neighborhood Tj are chosen small 
enough so that the following condition holds: if f{Ci) < f{Cj) for some i ^ j, 
then there are no gradient flow lines of h from Ci to Cj. 

(2) The charts from the Morse-Bott Lemma are isometries with respect to the 
metric on M and the standard Euclidean metric on R m . 

(3) In the local coordinates (u, v, w) of a tubular neighborhood Tj we have / = 
f(C) — \v\ 2 + \w\ 2 , pj depends only on the v and w coordinates, and fj depends 
only on the u coordinates. In particular, V/ _L Vfj on Tj by the previous 
condition. 

(4) The function h = f + efj on the tubular neighborhood Tj. 

(5) The gradient V/ dominates eVpjfj on Tj — Tj. 

(6) The functions h : M — > R and fj : Cj — >• R satisfy the Morse-Smale transver- 
sality condition for all j — 1, . . . , I. 

(7) For every n = 0, . . . , m we have the following description of the n th Morse- 
Smale- Witten chain group of h in terms of the Morse-Smale- Witten chain 
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groups of the fj for j = 1, . . . , /. 

Cn(h)= C k {fj) 
Xj+k=n 

Now, let denote the Morse- Smale-Witten boundary operator of h, and let d* 
denote the Morse- Smale-Witten boundary operator of fj for j = 1, . . . , I. 

Lemma 9. If p,q £ Cj are critical points of fj : Cj — > R of relative index one, 
then the coefficients n(q,p) used to define the Morse-Smale-Witten boundary operator 
are the same for d% and dl 3 (assuming in the case where Cj is orientable that the 
appropriate orientation of Cj has been chosen). 

Proof: We have h = f+efj on Tj by condition (j4j). This implies that V/i = V f+eV fj 
on Tj, and V/i = eV fj on the critical submanifold Cj. Moreover, by conditions ([3]) 
and (jSJ) a gradient flow line of h cannot begin and end in Cj unless the entire flow 
line is contained in Cj. Thus, if p and q are both in Cj the flows connecting them 
along the gradient flow lines of h and of fj are the same, and the numbers n(q,p) 
in the complex of h and of fj are the same as long as the orientations are chosen 
appropriately. 

□ 

We now order the connected critical submanifolds Ci, . . . , C\ by height, i.e. such 
that f{Ci) < f(Cj) whenever i < j. For a £ C n {h) and Cj a connected critical 
submanifold we denote by Oj the chain obtained from a by retaining only those 
critical points belonging to Cj. By condition ([7]), any a^O can be written uniquely 
as: 

a = a jl + h ctj r 

where ji < ■ ■ ■ < j r and ctj i £ C^fj.) — {0} where + hi = n. We will refer to otj r 
as the "top part" of the chain a. 

Corollary 10. If a is a non-zero element in ker d% , then the top part of a is a 
non-zero element in the kernel of d* 3 for some j, i.e. using the above notation for 
a £ ker we have a>j r £ ker d k Jr where \j r + k r = n. 

Proof: Let a = J2i n i°i e ker d%, i.e. 

= d n( a ) = ^2 n i d n(Qi) = ^2 n i n ( ( li,p)p= [Y nin ( qhP H p - 

i i peCVn-iO) peCV»_i(fc) V i / 

Then J2i n i n (.QiiP) — for all p £ Cr n _i(h), and in particular, for p £ Cr„_ 1 (/i) C\Cj r . 
For any p £ Cr n _x(/i) fl Cj r we have f(qi) < f(p) for all in the sum of a such that 
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q% G" Cj r , and thus there are no gradient flow lines of h from qi to p by condition (CQ). 
Therefore, n(qi,p) = if p G Cr n _i{h) fl C Jr and g.j G" Cj r , i.e. 

= ^njn(gi,p) = Y n i n {Qi>P) 
when p G Cr n -i(h) fl Cj r . Lemma [9] then implies that d£ (otj 



l 3r) 



Y n i d kr(<li)= Y Hi Y n (<liiP)P= Y Y n i n (QiiP) \ P = °i 

HCCjr iitCir VZCTkr-lVir) pEO^-i (f jr ) \<Zi6C jr J 

where A Jr + /c r = n and CV fcr _i(/ Jr ) = Cr n _i(/i) fl C Jr . 

□ 

Proof of Theorem [HJ Let /, h, fj for j = 1, . . . , I, and the Riemannian metric on 
M be as above. Let M t (fj) denote the Morse polynomial of fj : Cj — *> R, and let 
Cj = dim Cj for all j — 1, . . . , I. Note that the relation A^ = Xj + A^ implies that 

i 

M t (h)=YM t (f^- 

3=1 

The polynomial Morse inequalities (Theorem [3]) say that 

M t (h) = P t (M) + (l + t)R h (t) 

and 

M t (f j )=P t (C j ) + (l + t)R j (t) 

where Rh{t) and Rj(t) are polynomials with non- negative integer coefficients for all 
j = l,...,L 

i 

MB t (f) = Y P ti C i)t Xj 

3=1 
I 



Y^M^-il + ^Rj^j & 
i i 

YMtif^-ii + t^RiW 

3=1 3=1 
I 

M t (h)-(l + t)Y t R3(t)t ) 



3=1 3=1 
3=1 

I 

P t (M) + (1 + t)R h (t) -(l+t)Y 

3=1 
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In the proof of the polynomial Morse inequalities we saw that 



k=l 



where v k is the rank of the group Ck(fj) and z k is the rank of the kernel of the 
boundary operator d k : Ck(fj) — > Ck-i(fj) in the Morse-Smale-Witten chain complex 
of fj : Cj — > R. Hence, 

m I Cj 

MB t {f) = p t (M) + (i + 1) ek" - 4)^ - (i + 1) e - 

n=l j'=l fc=l 

where v% denotes the rank of the chain group C n (h) and z% denotes the rank of 
the kernel of the Morse-Smale-Witten boundary operator d% : C n (h) — > C n -i{h). 
Since the critical points of h coincide with the critical points of the functions fj for 
j = 1, . . . /, and a critical point p G Cj of fj of index is a critical point of h of index 
Aj + X J p we have 

EW - - E E w - ^ Aj+fc " = E E - E ^ 

n=l j'=l fc=l j=l fc=l n=l 

Therefore, 
where 



MB/(t) = P t (M) + (l + t)#(t) 




3=1 fc=l 

To see that X^A j +fc=n ^ > ^ for all n = 1, . . . , m we apply Corollary [10] as follows. 
If z\ > 0, then we can choose a nonzero element /?i G ker 9^. By Corollary [10l the 

f - 

"top part" of Pi is a nonzero element in ker d k for some /c and j such that Aj + k = n. 
If = 1, then we are done. If z% > 1, then we can find an element 02 G ker 9^ that 
is not in the group generated by Pi, and by adding a multiple of Pi to /3 2 if necessary, 
we can choose P2 such that the top part of P2 is a nonzero element that is not in 
the subgroup generated by the top part of Pi. Continuing in this fashion we can find 
generators for ker d% whose top parts are independent elements in 

kerdf 



'k 1 



i.e. 



^rank ker d k j > rank ker d%. 



Xj+k=n 

□ 
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